ABSTRACT. We propose the conjecture that every automorphism of a knot group preserves the meridian up to inverse ~TJ.d conjugation. We establish the conjecture for all composite knots, all torus knots, most cable knots, and at most one exception for hyperbolic knots; moreover we prove that the Property P Conjecture implies our conjecture. We also investigate hyperbolic knots in more detail, and give an example of figure-eight knot group and its automorphisms.
L,).) is a preferred meridian-longitude pair for C3(K).
Let K be a knot with meridian J.L, and ¢ an automorphism of 11 3 is said to be a composite knot if it is the composition of two knots in 8 3 . Let p, q be relatively prime positive integers, and let V be a standardly embedded solid torus in 8 3 with a preferred meridian and longitude pair. A (p, q)-torus-knot is the knot which lies on Bdy(V) and wraps around V in the meridianal direction p times and in the longitudinal direction q times.
Let V' be a standardly embedded solid torus in 8 3 , and let K' be a simple closed curve in V' that is not contained in a 3-cell in V' and is not a core of V'. Let K1 C 8 3 be another knot, and let V = N(K1) be a tubular neighborhood of K1 in 8 3 . If h: V' -+ V is a homeomorphism and K = h(K'), then K is called a satellite knot about the knot K 1. In particular, if K' is a (p, q)-torus-knot on Bdy(V'), and if h sends a longitude on Bdy(V') to a longitude on Bdy(V), then K = h(K') is called a (p,q)-cable-knot about Kl, and is denoted K = J(p,q,K1). 
Automorphisms of knot groups.
We first consider the composite knot groups. A detailed proof of the following theorem can be found in the proof of Theorem 1 of [2] . For completeness of this paper, we shall include an outline of the proof. 
Then G has the presentation of the form G = (a, b: a P = b q ). By [10] , the automorphism group of G has the presentation
where / is conjugation by a, J is conjugation by b, and
Thus it is sufficient to prove that each generator of the automorphism group Aut( G) sends a meridian to a conjugate of it or its inverse. This is obvious for generators / and J. In G the meridian J. L of K can be represented as J. L = bTaS, where r, s E Z and satisfy pr + qs 
where t is a generator of 71"1 (V) ~ Z.
Let rP be an automorphism of 1rl (C 3 (K) ). By the proof of Theorem 2 in [2] , there is a homotopy equivalence h:
torus VI along an annulus A', and we have h(A') = A, hlv1: VI -> V is a homotopy equivalence. By [9] , K = J(p, q; L'), and L' is of the same isotopy type of L.
Choose a point x E A as basepoint, and let
Let (J.Lu, AU) be the meridian and longitude pair for LI. Since h:
is a homeomorphism, we may assume that h(J.LL') = J. 
We can also represent 71"1 (C 3 (K)) as the amalgamated free product
where t' is a generator for 7I"1(V') ~ Z. Now because of the relations f.l,1j)'i = t q and f.l,t, A'i, = t!q, and because
, where r, s E Z satisfy qr -ps = 1. Therefore in case (1), for a = 1 we have
and for a = -1 we have
In case (2) , for a = 1 we have
and for a = -1 we have Let K be a knot in 8 3 . The (p,q)-surgery-manifold, denoted (K;pjq), is formed by identifying the boundary of a solid torus to the boundary of C3(K) so that a (p, q)-curve on Bdy( C3(K)) is identified with a meridian curve of the solid torus.
THEOREM 2.5. Modulo the Property P Conjecture, every automorphism of a knot group is standard.
PROOF. Let K be a knot in 8 3 , and let ¢ be an automorphism of 7I"1(C3(K)). We consider the following two cases: (1) The knot manifold C3(K) contains a properly embedded essential annulus. Then by [2] , K is either a composite knot, a torus knot, or a cable knot. By Theorems 2.1 and 2.2, composite and torus knots have only standard automorphisms. If K is cable, then since case (2) of the proof of Theorem 2.3 implies that L fails Property P, ¢ must be in case (1) and hence is standard.
(2) The knot manifold contains no properly embedded essential annulus. Then by [3] and by the asphericity of knot manifolds, there is a homeomorphism h:
Since K has Property P by assumption, then h(J1.) = J1.±1; hence ¢ is standard. The proof is completed.
REMARK. Note that Theorem 2.5 assumes Property P for all knots, it is a little bit too strong; actually, we observe from the proof of Theorem 2.5 that except in the case of cable knot, for any given knot K, we only need assume that the knot K has Property P. It then follows that every automorphism of the K-knotgroup is standard. If K is a cable knot about a knot L, and L has Property P, then every automorphism of the K-knot-group is standard. Actually, Property P is also too strong in as much as it is only necessary to assume that (K; l/n) is not homeomorphic to 8 3 for n =f 0 (as opposed to assuming that it is not simply connected) .
We now begin our discussion of hyperbolic knots. We shall show that certain hyperbolic knots obey our conjecture and, in any case, admit at most one possible exotic algebraic meridian.
A 3-manifold with Bdy(M) = <I> is hyperbolic if M admits a complete Riemannian metric of constant sectional curvature -1 with finite volume. If M is a hyperbolic 3-manifold, then the universal covering space of M can be taken as the hyperbolic upper half 3-space, and M is the orbit space of the hyperbolic 3-space modulo a discrete subgroup of the group of orientation preserving isometries. A knot K is hyperbolic if the interior of the K-knot-manifold is a hyperbolic 3-manifold. By Thurston's uniformization theorem [12] , a knot is hyperbolic if and only if it is neither a torus knot nor a satellite knot.
Let K be a hyperbolic knot. Then by Thurston's finiteness theorem [12] , the surgery manifolds (K; lin) are hyperbolic manifolds for all but at most finitely many n E Z. Let m = min{nl (K; l/n) is not hyperbolic}, and let M = max{nl(K; l/n) is not hyperbolic}. Since (K; 1/0) ~ 8 3 is not hyperbolic, it is obvious that m ~ 0 ~ M. PROOF. By Thurston's uniformization theorem [12] , each automorphism of the fundamental group of a hyperbolic 3-manifold preserves the peripheral subgroup, therefore by [13] , each automorphism is induced by a homeomorphism of the hyperbolic manifold. So if K is a hyperbolic knot and ¢ is an automorphism of 7r1 ( C3 (K)), then there is a homeomorphism h:
So assume q =f O. Let us first assume a = 1, so h(J1.) = J1.)..q. By homology,
not hyperbolic for all n E Z, which contradicts the finiteness theorem. Thus we must have h()") = )..-1.
A similar proof applies to show that if Because the interior of a hyperbolic knot manifold has extra geometric structure, we shall discuss hyperbolic knots in more detail.
Let K be a hyperbolic knot and let M = Int(C3(K)). Then M has a hyperbolic structure, and the universal covering space of M can be viewed as the hyperbolic License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use upper half 3-space H3 = {(z, t)lz E e, t > O}. The fundamental group 7fl(M) is lifted to a discrete subgroup of the group of orientation preserving isometries of H3 such that the orbit space H3 /7fl (M) is M.
It is well known that the group of orientation preserving isometries of H3 can be identified as PSL(2,e) = SL(2,e)/(I, -I), where SL(2,e) is the group of all 2-by-2 complex matrices with determinant 1. The group of isometries of H3 (orientation preserving and orientation reversing isometries), denoted prL(2, e), is then identified as the Z2-extension of PSL(2, e), obtained by adding an element A * to PSL(2, e) with the relations (A*)2 = 1 and A* gA* = g for any g E PSL(2, e).
Specifically, A* may be chosen so that the action of prL(2, e) on H3 can be extended to an action on e* = e U {oo} (sphere at infinity for H3) as follows: For
the Mobius transformation, and

A*(z)=z.
Since (A*)2 = 1 and A* gA* = g, we can write prL(2, e) as prL(2, e) = PSL(2, e)U{A *glg E PSL(2, en. In particular, each orientation reversing isometry of H3 is of the form A *g for some g E PSL(2, e).
Let Jl and A be the meridian and longitude of K. The subgroup P generated by
Jl and A is isomorphic to Z + Z and is conjugate in PSL(2, e) to
For the remainder of this paper, we assume that any faithful representation of a hyperbolic knot group into PSL(2, e) has been normalized so that the meridian and longitude can be represented as Jl = (~ :) and A = (~ ~).
According to Marden's version (Theorem 8.3 of [6] ) of Mostow's rigidity theorem, we can identify the automorphism group Aut(7fl(M)) of 7fl(M) with the normalizer (1 of 7fl(M) in prL(2, e), so that each automorphism 4> is induced by an inner automorphism of prL(2, e). More precisely, the automorphism 4> corresponds to a unique T E (1 such that 4>(U) = TUT-l for every U E 7fl(M) C PSL(2, e).
Let 4> E Aut(7fl(M)). Since 4> is induced by a homeomorphism of M, 4>(P) is conjugate to P. Hence up to conjugation we have 4>(Jl) = JlT A q and 4>(A) = AS, where r, s, q E Z and Irl = lsi = 1.
We first consider the case where 4> is induced by an orientation preserving homeomorphism of M. Then r = s and by the above three paragraphs there exists g E PSL(2, e) such that gM-l = 4>(Jl) = JlTA q and gAg-l = 4>(A) = AT.
Let g = (~~). Then since Jl = (6 i) and A = (6 n, we obtain the following two equations of matrices:
Multiplying, we obtain
-c 2 x l+acx 01
From (1), we obtain -c 2 = 0, hence c = OJ and a 2 = r + qx. From (2), we obtain a 2 x = rx. Since x f:. 0, thus a 2 = r. Substituting a 2 = r in a 2 = r + qx, we have r = r + qx, so qx = OJ this implies q = O. Therefore ¢(Il) = Il r and ¢(>.) = >.r, and hence ¢ is standard. This shows that every automorphism of 11'1 (M) which is induced by an orientation preserving homeomorphism of M is standard, as already was stated in Corollary 2.7. Also from the above computation, we find that (since a 2 = r = ±1) in this case
where b is some complex number. 
On the other hand, since ¢(Il) = Il r >. n and ¢(>.) = >. -r, we have (3) and
Note that the equalities of matrices in (3) and (4) PROOF. From (3), we also obtain a 2 = r + nx. Since a 2 = -rx/x from (4), we have -rx/x = r + nx, and so -rx = rx + n!xI2, or nlxl 2 = -r(x + x), or nlxl 2 = -2r Re(x). Hence n = -2r Re(x)/(lxI 2 ).
By using Theorem 2.9, we may also find a bound for the complex number x in the representation of the longitude of a hyperbolic knot group, in order to have exotic automorphisms. Again by Corollary 2.11 the knot group admits no exotic automorphisms. Therefore we obtain a second proof of Corollary 2.8. REMARK. A very recent result of Culler, Gordon, Luecke and Shalen has several consequences for the conjecture considered in this paper. The statement of this result is as follows. Let K be a knot such that C3 (K) is not Seifert fibered. Let a, (3 be two simple closed curves on Bdy ( C3 (K) ) and denote their intersection number by ~(a, ,8 ) . Now if a is a (p, q)-curve and (3 is an (m, n) -curve on Bdy{C3{K)), and suppose both 7rl{{K;plq)) and 7rl«K; min)) are cyclic, then ~(a, (3) ::; 1. This implies that for any knot K, there is at most one value of n f= 0 such that (K; lin) = 8 3 , and that value is either lor -1. As a result, several partial results in this paper can be sharpened.
First, it shows that if K is either hyperbolic or a knot considered in the remark following Corollary 2.8, then the only possible exotic algebraic meridian (up to conjugation and inversion) is p.>..e:, where c is either 1 or -1.
Specializing to the case of a hyperbolic knot, Theorem 2.9 then implies that 2 Re{x) = ±lxI 2 , which is readily shown to be equivalent to IX=F 11 = 1.
Finally, it implies that every automorphism of the group of any cable knot is standard. For, in the course of proving Theorem 2.3 it is shown that if K = 
Figure-eight knot.
Riley has shown in [7] that the figure-eight knot is a hyperbolic knot. For the rest of this paper we will investigate the figure-eight knot group and the automorphisms of this knot group. In particular, we shall exhibit a normalized representation of the figure-eight knot group into PSL{2, C), find the particular complex number x for the longitude, and then identify matrices of PSL{2, C) with generators of the group of outer automorphisms of the figure-eight knot group.
By Magnus' 1931 paper [5] , the figure-eight knot group G has the following presentation (Dehn presentation):
The group of automorphisms is generated by automorphisms f and g with f: a---+c- 1 and h: a ---+ be-
It is easy to see that j2 = h4 = 1. We can find fh and (fh)2 as follows: 
Using the relations, we may simplify the group G as
Riley showed [7] that there is a faithful representation of Gin PSL(2, C), so that G is discrete in PSL(2, C) under this representation, and the generators J.l and f3 can be represented as
where w is the cube root of 1, w = (-1 + V3i)/2. We wish to determine the actions of automorphisms f and h in terms of the generators J.l and f3. Fix a basepoint, and let J.l denote the meridian of the figure-eight knot. By reading around the knot we find that the longitude >. can be presented as >. = f3J.l-lf3-1J.l2f3-1J.l-lf3 in G. Therefore as an element in PSL(2,C), >. can be represented as
Since -2w+2w 2 = 2J3i, and since -A is identified with A for every A in PSL(2, C), therefore >. can also be represented as >. = (~ 2~i).
Recall that f(J.l) = f3- -1 (3-1 j.t(3j.t-1 (3j.t(3-1 j.t(3-1 j.t-1j.t(3-1 j.t-1 (3j.t(3-1 j.t(3j.t-1 (3 . ((3j.t-1(3-1j.t(3j.t-1(3j.t(3-1) j.t . ((3-1j.t-1(3j.t(3-1j.t(3j.t-1)(3j.t-1(3j.t2(3-1((3-1j.t-1(3j.t(3-1j.t(3j.t-1 We note that F = I and H = h are generators of Out( G).
We also note that from the actions of F and H on j.t and A, we see that the automorphism F is induced by an orientation preserving homeomorphism which reverses both meridian and longitude. This shows the well-known fact that the figure-eight knot is invertible. Also since the automorphism H is induced by a homeomorphism which reverses the meridian but fixes the longitude, this shows another well-known fact that the figure-eight knot is amphicheiral.
Next we shall find matrices representing F and H. Since F is induced by an orientation preserving homeomorphism, there is g E (1 the normalizer of Gin prL(2, C), and g E PSL(2, C) such that Let
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Thus we obtain the following equations of matrices:
(1) Letting g = (~~); we obtain the following equations of matrices:
( From (3), we obtain
( 1 -1) = (1 -ac a 2 ). Notice that by anyone of Corollaries 2.8, 2.10, 2.11, and 2.12, the figure-eight knot group admits no exotic automorphisms. It is also interesting to note that each of the matrices has order 2, and (~ ~ ) and (~ ~ w ) ( A' 0 ~Wi) r ~ A.
